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Abstract

We show that state, reader, writer, and error monad transformers are instances of one general
categorical construction: translation of a monad along an adjunction.

1 Introduction

This note is an elaboration of [2] (hence the title). The latter serves as a very gentle introduction to
category theory for Haskell programmers. In particular, it explains how monads arise from adjunctions
between categories. We take this (arguably well-known in the category theory community) idea one
step further. We show that monads can be translated along adjunctions and illustrate by examples
how the standard monad transformers — state, reader, writer, error — can be interpreted as instances
of this construction. Notably, continuation monad transformers do not fit into this framework.

Unlike [2], this note gives more details, and is as a consequence more technical. It makes greater
emphasis on category theory rather than on programming. Like in [2], the reader should consider
unproven or partially proven statements to be exercises.

2 'Translating monads along adjunctions

We begin by recalling one of the fundamental notions of category theory: the notion of adjunction.
The reader is referred to [2] and [3, Chapter IV] for more details.

2.1 Definition. Let C and D be categories. An adjunction from C to D is a triple (F, U, ¢), where
F:C—DandU:D — C are functors, and ¢ is a family of bijections

oxy :DFX,Y) = C(X,UY), X e€Obl, Y eObD,
natural in X and Y. We say that F is left adjoint to U and U is right adjoint to F'.

An adjunction (F,U,p) : C — D determines two natural transformations. Namely, for a fixed
object X € ObC, the family of functions px - = {¢xy}yeopp is a natural transformation from
the representable functor D(FX,—) : D — Set to the functor C(X,U(—)) : D — Set, which by the
Yoneda Lemma is given by

oxy(f)=U(f)onx, feDFX,Y), (2.1)

where nx = ¢x rx(idrx) : X = UFX. Clearly, the family of morphisms nx is natural in X, giving
rise to a natural transformation 1 : Ide — UF, called the unit of the adjunction (F,U, ). Similarly,
for a fixed object Y € Ob D, the family of functions cp:}y = {gp)_(ly} Xeobc 1s a natural transformation
from the representable functor C(—,UY) : C°? — Set to the functor D(F(—),Y) : C°® — Set, which
by the Yoneda Lemma is given by

ox'y(9) =ev o F(g), ge€C(X,UY), (2.2)
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Diagram 1: Proof of the identity axioms for the monad P.

where ey = go&%,Y(ide) : FUY — Y. The family of morphisms ey is natural in Y, giving rise to
a natural transformation ¢ : FU — Idp, called the counit of the adjunction (F,U, ). The identities
go;(lFX(nX) = idpx and pyy,y(ey) = idyy translate into so called triangular or counit-unit equations:

Fx L0, pypx X, FX| =idpx, (2.3)
[vy ™% uFUY e, Y| =idoy . (2.4)

Conversely, if n: Ide — UF and ¢ : FU — Idp are natural transformations satisfying equations (2.3)
and (2.4), then the family of functions ¢xy : D(FX,Y) — C(X,UY) given by (2.1) is natural in
X and Y, and each ¢px y is invertible with the inverse given by (2.2). Therefore, an adjunction can
equivalently be described as a quadruple (F,U,n,¢), where F' : C — D and U : D — C are functors
and 1 : Ide — UF and € : FU — Idp are natural transformations subject to equations (2.3) and
(2.4). We refer the interested reader to [3, Chapter IV, Theorem 2] for more equivalent definitions of
an adjunction.

Every adjunction (F,U,n,¢) from C to D gives rise to a monad (P,e”, m”) on C, where P = UF,
e =nx: X - UFX,and m{ = U(epx) : UFUFX — UFX. The following proposition is a mild
generalization of this observation. The latter can be recovered by taking T to be the identity monad.

2.2 Proposition. Let (F,U,n,¢) be an adjunction from C to D. Suppose that (T,e™,m™) is a monad
on the category D. Then the functor P =UTF : C — C equipped with the natural transformations

U(eL
ek = [X o, ppx 2R, prpx]), (2.5)
U(mT,
mk = [UTFUTEX S prTRX trex) UTFX]| (2.6)

is @ monad on the category C.

Proof. Let us check the monad axioms. The identity axioms are proven in Diagram 1. Each cell of
this diagram commutes. The pair of top left triangles commute by the counit-unit equations (2.3)
and (2.4). The pair of bottom right triangles commute by the identity axioms for the monad 7'. The
commutativity of the top right square follows from the naturality of e, while the commutativity of
the bottom left square follows from the naturality of e. The associativity axiom coincides with the
exterior of Diagram 2. The commutativity of the two squares on the left follows from the naturality of
e. The top right square commutes by the naturality of m”. Finally, the bottom right square commutes
by the associativity axiom for the monad 7. O

2.3 Remark. Proposition 2.2 allows us to translate a monad on the category D into a monad on
the category C. In functional programming and denotational semantics, we are primarily interested
in monads that are strong [4, Definition 3.2]. We recall that a monad (T,e?,m”) on a cartesian
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Diagram 2: Proof of the associativity axiom for the monad P.

category C is strong if it is equipped with a transformation txy : TX XY — T(X x Y) natural in X
and Y and compatible with both the cartesian and monad structures; see [4, Definition 3.2] for the
precise compatibility conditions. Under what conditions is the translation of a strong monad along
an adjunction also a strong monad? I don’t have a good answer. In each of the examples we consider
below, this question can be resolved in an ad hoc manner. However, I am not aware of a general
condition that applies to all the examples. That is why I am going to ignore this issue henceforth.
Note that in two out of the four examples we will need the assumption that the monad being translated
is strong.

3 State monad transformer

For the sake of simplicity, we assume that the categories C and D are the category Set of sets. An
arbitrary set S gives rise to an adjunction (F,U,n,¢), where F = — xS, U = (=)%, nx : X = (X xS)°
is given by nx(z) = As.(z,s), and ex : X° x S — X is given by ex(f,s) = f(s). The monad
(P,e” ,mP’) associated with this adjunction is the state monad with the state S: PX = (X x S)%,
el () = nx(z) = As.(z,8), and mE (g) = epx 0 g = As. let (f,s') = g(s) in f(s).

More generally, suppose (T,e’,m”) is a monad on Set. Let us compute explicitly the monad
(P, e’ mP) obtained by translating T along the adjunction (F,U,n,e). We have: PX = (T(X x 5)),
el (z) = by onx(x) = As.ek, g(x,5), mE(9) = mEy o T(errx) o g. Translating the last equation
into Haskell notation, we obtain:

join :: Monad m => (s ->m (s -> m (a, s), s)) -> s ->m (a, s)
join g = join . fmap ev . g where ev (f, s’) = f s’

which can be transformed as follows:

join g = \s -> join $ fmap ev $ g s

- definitions of ‘fmap’ and ‘join’
\s => (g s >>= (return . ev)) >>= id

-- associativity axiom for monads
\s -=> g s >>= (\(f, s’) -> return (ev (f, s’)) >>= id)

- left identity axiom for monads
\s > g s >>= (\(£, 8’) -> £ s’)

- syntactic sugar
\s -> do (f, s’) <-gs; £ s’



Modulo some newtype constructor wrapping/unwrapping this is precisely the multiplication in the
monad StateT s m.

4 Writer monad transformer

Let C be the category Set of sets. Let M be a monoid with the binary operation - : M x M — M,
(my,m2) — my - mg, and the neutral element 1 € M. Let D be the category M-Set of M-sets:
objects are M-sets, i.e., pairs (X,a), where X is a set and a : X x M — X, (z,m) — 2™ is an
action morphism such that ! = 2 and (™)™ = ™™ for all z € X and my,ms € M, and
morphisms are M-equivariant maps, i.e., a morphism f : (X,a) — (Y,b) is amap f : X — Y such
that f(2™) = f(x)™, for all x € X and m € M. There is an adjunction (F,U,n,¢) from Set to
M-Set. The functor F' : Set — M-Set maps a set X to the free M-set X x M with the action
(X x M)x M — X x M given by (z,m)" = (x,m-n). The functor U : M- Set — Set is the forgetful
functor that maps an M-set (X, a) to its underlying set X. The unit nx : X — X x M is given by
nx(z) = (v,1), and the counit ¢(xq) : X x M — X is simply the action morphism a. The monad
associated with this adjunction is the writer monad with the monoid M.

We conclude by Proposition 2.2 that a monad (T, e”, m”) on the category D = M- Set gives rise
to a monad on C = Set. However, this is not what we would like to have: we would like to produce a
monad on Set out of another monad (T, e?, m”) on Set, not on M- Set. This is possible if the monad
T is strong. Let txy : TX xY — T(X x Y) be the strength of the monad 7. Then (T,e’,m?)
induces a monad (T',e”, m”) on the category M- Set. Namely, if (X, a) is an M-set, then the set TX
becomes an M-set if we equip it with the action

tx M

b= [TXxM—>T(XxM)1@+TX]. (4.1)

Let us prove that b is an action, i.e., that it satisfies the identity and associativity conditions. It is
convenient to first express these conditions diagrammatically. A map a : X x M — M is an action if
it satisfies the identity axiom:

[XP—X>X><]1M>X><M1>X]:idX,

and the associativity axiom:

(X x M) x M—"M o xoomr
ax, M,M |
X X (M x M) a
idx x-

X xM . X

Here p and « are the right unit and associativity constraints of the monoidal structure induced by the
cartesian product, 1 = {x} is the terminal object (a singleton), and 157 : 1 — M, % — 1. Suppose
that a : X x M — X is an action. Let us prove that the map b given by (4.1) is also an action. The
identity axiom is proven in the following diagram:

idTX X1pr

TXx1————TX xM

tx,1 tx, M

prx | T(X X H)MT(X x M) b
T(px) 7(a)
TX TX




The top square commutes by the naturality of the strength ¢t. The bottom square commutes by the
identity axiom for the action a (and functoriality of T'). The left triangle is one of the strength axioms,
and the right triangle is the definition of b. The associativity axiom coincides with the exterior of the
following diagram:

(TX x M) x M2 e vy < i — 298 pe oo
X x M, M tx, M
— T((X x M) x M) D0 xSy
Tlax )
TX % (M x M) 22 (X % (M x M) T(a)
idpx X- T(idx x-)
TX x M b T(X x M) ) TX

The left pentagon is one of the strength axioms. The right pentagon commutes by the associativity
condition for a. The remaining squares commute by the naturality of .

We have proven that once (X, a) is an M-set, the pair (T'X,b), where b is given by (4.1), is also
an M-set. We set T'(X,a) = (TX,b). Let us check that if f: (X,a) — (X’,a’) is an M-equivariant
map, then T(f) : TX — TX' is actually an M-equivariant map T(X,a) — T(X’,a’). This is easy:
the equivariance of f is expressed by the commutativity of the diagram

ind]V[

XxM-—X'xM

a la’
f

X—X/

The naturality of ¢ and the functoriality of 7" imply that the following diagram commutes, too:

TX x MM oy p
tx M txr mr
T(X x M) — ) s
T(a) T(a')
TX o) TX'

The vertical compositions are precisely the action morphisms of T(X,a) and T'(X’,a’). Therefore, the
above diagram expresses the fact that the map T'(f) : TX — TX’ is indeed an M-equivariant map
T(X,a) = T(X',a'). Hence, we can set T(f) = T(f). Then T is a functor from the category M- Set
to itself. The functoriality of T follows immediately from that of T.

One can also prove that the natural transformations e§ : X - TX and m§ :TTX — TX induce
natural transformations er{X,a) : (X,a) = T(X,a) and m?Xﬂ) : TT(X,a) — T(X,a). Tt suffices to
check that el and m% are M-equivariant if X is an M-set, which follows directly from the strength
axioms expressing the compatibility of ¢ with the unit and multiplication of the monad T'. For example,



the equivariance of m§ is proven in the following diagram:

m§ Xid]\/]
TTX x M ————TX x M
trx, M
T(TX X M) tx, M
T(tx,ar)
mixk[
TT(X x M) T(X x M)
TT(a) T(a)
mi
TTX TX

The pentagon is a strength axiom, and the square is a consequence of the naturality of m”. A similar
argument shows that 67;( is also M-equivariant.

It is straightforward that the natural transformations e(TX’a) and m(TX,a) satisfy the monad laws,
because the underlying maps eg( and m§ satisfy these laws, and because the action of T' on morphisms
coincides with that of T

Thus we have shown that a strong monad (7, e’ ,mT) on the category Set induces a monad
(T,e",mT) on the category M-Set, which can now be translated along the adjunction (F,U,n,e¢)
by Proposition 2.2. Let us compute the obtained monad (P,ef,m”) explicitly. The functor P =
UTF : Set — Set is given by PX = T(X x M). The unit ef : X — T(X x M) of the monad P
is given by ek = ek, 0nx = Az. ek, (x,1), which is the return method of the writer monad
transformer. Let us compute the multiplication. By Proposition 2.2, m§ = m§x v © T'(b), where
b=T(a)otxxm : T(X x M) x M — T(X x M) is the action morphisms of T'(X x M), and
a: (X xM)xM — X x M, ((z,m1),mz) — (x,mq - mgy) is the action morphism of X x M.
Translating this into Haskell notation, we obtain:

join = join . fmap b
where
b = fmap a . strength
a ((x, ml), m2) = (x, ml ‘mappend‘ m2)
strength (c, m) = ¢ >>= (\r -> return (r, m))

Eta-expanding this definition, we obtain:

join z = join (fmap b z)

- definitions of ‘join’ and ‘fmap’
(z >>= (return . b)) >>= id

-- associativity axiom for monads
z >>= \p -> return (b p) >>= id

- left identity axiom for monads
z >>=\p > b p

- definition of ‘b’

z >>= \p -> fmap a (strength p)

- definition of ‘fmap’
z >>= \(c, m) -> strength (c, m) >>= (return . a)



The expression strength (c, m) >>= (return . a) can be further transformed as follows:

strength (c, m) >>= (return . a)

-- definition of ‘strength’
(c >>= (\r -> return (r, m))) >>= (return . a)

—-- associlativity axiom for monads
c >>= \(x, n) -> return ((x, n), m) >>= (return . a)

- left identity axiom for monads
= ¢ >= \(x, n) -> return $ a ((x, n), m)

[4

- definition of ‘a’

c >>= \(x, n) -> return (x, n ‘mappend‘ m)
Therefore

join z = z >>= \(c, m) -> ¢ >>= \(x, n) -> return (x, n ‘mappend‘ m)

-- syntactic sugar
= do (c, m) <- z
(x, n) <- ¢
return (x, n ‘mappend‘ m)

which is the multiplication in the monad WriterT w m, modulo some newtype contructor wrap-
ping/unwrapping.

4.1 Remark. There are other ways to explain why the functor W = — x M is part of a monad
when M is a monoid. Let C be a cartesian category. By currying the product functor x : C xC — C,
we obtain a functor I' : C — [C,C], where [C,C| denotes the category of functors from C to itself.
The functor I' maps an object X € ObC to the functor — x X and a morphism f to f x idx. The
categories C and [C,C]| are naturally monoidal: in the former, the monoidal structure is given by
cartesian product, and in the latter it is given by functor composition. The functor I' is monoidal:
NMXxY)=—-%x(XxY)~(=xY)o(—xX)=TY oI'X. The natural isomorphism is given by the
associativity constraint of the monoidal structure induced by cartesian product. Therefore, I' takes
monoids in C to monoids in [C,C]. The latter are precisely monads on the category C.

4.2 Remark. The category D = M- Set introduced in this section is precisely the category of algebras
over the monad W = — x M, and the adjunction from C to D constructed above is an instance of the
general construction of an adjunction from the category C to the category C" of algebras over W.

4.3 Remark. Let T be a strong monad on C. Suppose that M is a monoid in C. The strength
txa : TX x M — T(X x M) is a natural transformation ¢ : (— x M)oT — T o (— x M). The
functor W = — x M is a monad, and ¢t can be viewed as a distributive law of the monad T over W.
In fact, the four axioms of distributive laws reduce in this case to the four axioms of strengths. This
yields an alternative argument for why the composition of the monads W and T is again a monad.
Furthermore, this also explains why the monad T lifts to a monad T on the category C" of algebras
over the monad W: distributive laws W1 — TW are in bijection with such liftings [1].

5 Reader monad transformer

Although the considerations below can be carried out in any cartesian closed category C, we assume
for the sake of simplicity that C is the category Set of sets. Let E be a set. Define D to be the category
whose objects are the objects of C, and for each pair of objects X and Y, the set of morphisms D(X,Y")
is equal to C(X x E,Y). We can think of D(X,Y") as the set of families of functions from X to Y



parametrized by F. The identity morphism of an object X in D is the projection pr; : X x £ — X.
Composition of morphisms f : X - Y and g:Y — Z in D (i.e, of maps f : X x F — Y and
g:Y x E — Zin C) is given by

-1
idx XA Ax E,E fxidg

g f= XxE4>X><(E><E)—>(X><E)xE—>Y><E$X].

Here A : E — E x E is the diagonal map. In other words, (g * f)(z,e) = g(f(z,e),e) for all
(z,e) € X x E, but it is helpful to have a diagrammatic representation of composition that does not
refer to elements.

There is an adjunction (F,U,n,¢) from C to D. The functor F' : C — D maps each object X € ObC
to itself and each morphism f : X — Y to the composition fopr; : X x E — Y. In other words,
to a function f the functor F' assigns the constant family of functions. With this interpretation, F
is clearly a functor. The functor U : D — C maps an object X € ObD = ObC( to the exponential
XFP and a morphism f : X — Y in D (i.e., a morphism f : X x E — Y in C) to the morphisms
corresponding to the composite

-1
o
xXE E.E

XEx(ExE) —2% (XPxE)x E

idyrg xA ev xidg

f*ev:[XExE XxELY]

by the closedness of the category C. Here ev : X¥ x E — X is the evaluation morphism. Because we
are assuming that C is the category of sets, U(f) can be written as Ag. Ae. f(g(e),e). Informally, an
E-indexed family of functions {f. : X — Y}.cp is mapped to the function that takes an E-indexed
family of elements {z.}ecr of the set X as input and applies each function to the corresponding
element, producing a new E-indexed family of elements {fe(z¢)}ecr of elements of the set Y. This
makes it obvious that U is a functor. The unit ny : X — FUX = X¥ is given by nx(z) = Xe. z. The
counit ex : FUX — X is a morphism in D represented by the evaluation morphism ev : X¥ x £ — X
in C. The monad associated with this adjunction is precisely the reader monad with the environment
E.

Let (T,e”,m”,t) be a strong monad on the category C. Like in the case of writer monad trans-
former, we would like to lift 7' to a monad T on the category D, which we then could translate back
to C along the adjunction (F,U,n,¢). The functor T is lifted to the category D as follows: TX = TX
and for each morphism f € D(X,Y) =C(X x E,Y), we set

T(f):[TXfoﬂ%T(XxE)MTY.

Let us check that T preserves composition and identities. Let f € D(X,Y) = C(X x E,Y) and
g €D(Y,Z)=C(Y x E,Z). The equation T(g * f) = T(g) * T(f) coincides with the exterior of the
diagram:

TX x E e T(X x E)
idrx xA T(idx xA)
TX x (E x E) —X2F (X x (E x E))
arX.p.B
(TX x E)x E T(ox.p,p)
tx.pxidg
T(X x E) x E—PF . 7(X x E) x E)
T(f)xidp T(fxidp)
TY x E bor T x BE) s 7y



The squares commute by the naturality of ¢. The pentagon is, up to the orientation of the associativity
isomorphism, one of the strength axioms. Preservation of identities follows from the diagram:

t
TX x E—2T(X x E)

idrx X!El T(idx x!E)l T(pry)

TX 1 — (X x 1) — ) Sy

pry

The square commutes by the naturality of . The commutativity of the right triangle follows from
the obvious identity pr;o(idx x!g) = pr; and functoriality of 7. The bottom triangle is one of
the strength axioms (note that p)_(l =pr; : X x1 — X). The left-bottom composite is equal to
pry : TX x E — TX, which represents the identity morphism of 7°X in the category D.

We have shown that T is a functor from the category D to itself. Let us check that the families of
morphisms

ek = ek opr; = F(e}) e C(X x E, TX) = D(X,TX),
m% =m% opr; = F(m%) € C(TTX x E,TX) = D(TTX, TX)

are natural transformations Idp — T and 77T — T. We only give a proof for the second family. Let
feDX,Y)=C(X x E,Y). We have to show that the diagram

- TT(f) -
ITTX —1TY

. O
TX —————TY

commutes in D. Using the definition of composition in D and the definition of T, it is not difficult to
convince yourself that this diagram coincides with the exterior of the following diagram:

TTX x E

idTTX XA

TTX x (E X E)

a;;‘X,E,E
t id T(t id id
(TTX x E) x E—"XE npy o gy x B XY o x By x E—I998 oy o
pr; X idg prll pry pry
trx,E T(tx,E) TT(f)
TTX x E T(TX x E) TT(X x E) TTY
m¥ xidg mk.p ty
t T
TX x E _— T(X x E) v TY

The three top squares commute for trivial reasons. The remaining square commutes by the naturality
of mT. The pentagon is one of the strength axioms.

We have shown that et = F(ek) and m% = F(m%) give rise to natural transformations Idp — T
and TT — T, respectively. That they satisfy the monad laws follows from the fact that e’ and m?”
satisfy the monad laws, and from the functoriality of F.



Thus, we have lifted the monad (T, e”, mT) on the category C to the monad (T, eT,mT) on the
category D, which we can now translate along the adjunction (F,U,n,e) back to the category C. The

composite monad (P,e”, m”) is given by PX = (TX)¥,

ex () = (Ag. Ae. e (g(e)))(Ne. z) = Ae.ek (x),
mb = (Ag. Xe. m(g(e))) o (Ah. Ae. T(ev)(tirxyz g (h(e), €))),

where ev : (T X)¥ x E — TX is the evaluation map. Eta-expanding the definition of ml;, we obtain:

m¥ (h) = Ae. mk (T(ev)(tirx)e g (h(e), €)))-
Translating this into Haskell notation, we obtain:

join h = \e -> join $ fmap ev $ strength (h e, e)
where
ev (f, v) =fv
strength (c, y)

¢ >>= \x -> return (x, y)
which can be transformed as follows:

join h = \e -> join $ fmap ev $ strength (h e, e)

- definitions of ‘join’ and ‘fmap’
\e -> (strength (h e, e) >>= (return . ev)) >>= id

-- associativity axiom for monads
\e -> strength (h e, e) >>= \(f, v) -> return (ev (£, v)) >>= id

- left identity axiom for monads
\e -> strength (h e, e) >>= \(f, v) -> ev (f, V)

[

- definition of ‘ev’
\e -> strength (h e, e) >>=\(f, v) > f v

- definition of ‘strength’
\e > (h e >>= \x -> return (x, e)) >>=\(f, v) > f v

—-- associativity axiom for monads
\e => h e >>= \x -> return (x, e) >>= \(f, v) > f v

- left identity axiom for monads
\e => h e >>=\f -> f e

-- syntactic sugar
\e ->do f <-h e
fe

Modulo newtype constructor wrapping/unwrapping, this is precisely the multiplication in the monad
ReaderT e m.

5.1 Remark. Here is another, higher-level explanation of why the functor R = (—)¥ is part of a
monad. Let C be a cartesian closed category. Currying the internal hom functor (—=)~ : C* xC — C,
(X,Y) = YX we obtain a functor I' : C°®* — [C,C], X + (—)¥*. The functor I' is monoidal:
I'X xY) = ()" ~ ()Xo (=)Y =TXolIY. Any object E of the category C is naturally a
coalgebra (more appropriately called ‘comonoid’) in C: the comultiplication A : E — E x E is the
diagonal morphism (a unique morphism such that pr; oA = pry oA =idg), and the counit ¢ : £ — 1

10



is the final morphism !p. Therefore, E is a monoid in the opposite category C°®. The monoidal
functor I' takes monoids in C°P? to monoids in [C,C]. The latter are precisely monads on the category
C. Therefore, I'E’ has the structure of a monad.

5.2 Remark. The category D introduced at the beginning of this section is isomorphic to the Kleisli
category Cp of the monad R: ObCr = ObC, Cr(X,Y) = C(X,RY) = C(X,Y¥), the identity of an
object X is the unit eff : X — X of the monad, and composition is given by gog f = m% o R(g) o f,
for all f € Cr(X,Y) = C(X,Y®), g € Cr(Y,Z) = C(Y,ZF). The isomorphism between D and Cr
is given by the identity map on objects and the closedness bijection C(X x E,Y) ~ C(X,Y¥) on
morphisms. The adjunction from C to D introduced above is an instance of a general construction,
the adjunction from the category C to the Kleisli category of the monad R, translated along this
isomorphism of categories.

6 Error monad transformer

Let C be the category of sets. Let E be a set. Consider the category D = E/C, the under category
(also known as coslice category) of the object E: objects are maps ¢ : E — X in C, and a morphism
fromp: EF — Xtoy:F—Y isamap f: X — Y such that f o p =1. Composition and identities
are the obvious ones. There is an adjunction (F,U,n,e) from C to D. The functor F' maps a set X to
the morphism inl : £ — EF' + X and a map f to idg +f. Here + denotes disjoint union of sets. The
functor U : D — C is the forgetful functor, mapping a function £ — X to its codomain X. The unit
nx : X = E+ X is the map inr, and the counit is the morphism e .p—x : (E LN E+X)— (E LN X)
given by ¢ Vidx. Here for a pair of maps f: X — Z and g : Y — Z, fV g denotes the unique
map X +Y — Z such that (f Vg)oinl = f and (f V g) o inr = g. The monad associated with this
adjunction is precisely the error monad with the set of errors F.

Let (T,e”,m”) be a monad on the category C = Set. First of all, the functor T lifts to a
functor T on the category D = E/Set: T(p : E — X) = T(p) o ek, and T(f) = T(f) for each
feDp:E— X,%: E—Y)CCX,Y). Clearly, T preserves identities and composition.
Furthermore, the families of morphisms 67;( : X > TX and m§ :TTX — TX can also be viewed as

T(p)oef,

natural transformations eng_)X (E5 X)) (B — %, TX) and

TT(p)oT (eL)oeL T(p)oeL

mlpx: (E TTX)— (E TX).

That €7 is a morphism in the category D is a consequence of the naturality of e, and that mT is

a morphism in D follows from the naturality of mT and the right identity axiom for monads. The
7 is a monad on
)

naturality of e’ and m” follows from the naturality of e’ and m”. Hence, (T,e’,m
the category D, which we can now translate back to the category C. The composite monad (P, e, m
is given by PX = T(E+X), e§ = e}, yoinr, m§ =m,  oT((T(inl)oe}) Vidy (g x)). Translating
the last equation into Haskell notation, we obtain:

join = join . fmap eps
where
eps = either (fmap Left . return) id

Eta-expanding and transforming this equation, we obtain:

join z = join (fmap eps z)

-- definitions of ‘join’ and ‘fmap’
(z >>= (return . eps)) >>= id

-- axioms of monads (see above)
zZ >>= eps
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-- syntactic sugar
=do y <-z
eps y

-- definition of ‘either’
=doy <-z
case y of
Left e -> (fmap Left . return) e
Right x -> id x

-- naturality of ‘return’: fmap Left . return = return . Left
=doy <-z
case y of
Left e -> return (Left e)
Right x -> x

Modulo newtype constructor wrapping/unwrapping this is precisely the multiplication in ErrorT e m.
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